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I. INTRODUCTION 
In [I] Mann and Olson prove that if S = (a1 , 01~ ,..., CL& is a sequence 
of distinct nonzero elements of an Abelian group G of type (p,p) then 
every element of G is a sum over a subsequence of S. They also conjecture 
that the theorem still holds if S = (a1 , LYE ,..., CY~,+) and p > 3. 
In this paper we prove the conjecture for p = 5. 
2. THEOREM AND PROOF 
DEFINITION. If S is any sequence of elements in a group G then Z(S) 
will denote the set of all elements which are sums over some subsequence 
of s. 
We shall prove the following. 
THEOREM. Let S = (a1 , 01~ ,..., 0~~) be a sequence of distinct nonzero 
elements of Z, x Z, then 
E(S) = z, x z, . (1) 
LEMMA 1. Let A = (aI, a2 , a, , a4) be a sequence of elements of Z, . 
(i) rf ai # a, for all i # j then 
-%h , a, , a41 = Z5 if a, = 0 
and 
{A + k} u A = Z, if kf0. 
(ii) Ifai # 0 for all i and not all ai are equal, then z(A) = Z, . 
(iii) If all ai are equaI and not 0, then ,??(A) = Z, - (0). 
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Lemma 1 can easily be verified directly. It can also be obtained using 
the Cauchy-Davenport Theorem [2, Corollary 1.2.31 and the fact that 
&4) contains all elements of (0, al} + *.a + (0, uq), except possibly 0. 
LEMMAS. If ,!?=&Us, where S,nS,= 0, IS,] =4 and 
S, n ((0, 1)) = o, then (1) holds zf there exists a, E Z, , such that 
(au , 0) + <a 1)) c&Q. 
Proof. By Lemma 1, S, n ((0, 1)) = % implies every element of 2, 
appears as the first component of some element in &S,> except possibly 0. 
Let (a, b) be any element of 2, x 2, _ If a = a,, then (a, b) E C(S) by 
assumption. If a f a, , then u - a, # 0, hence (a - a, , b’) E E(S,) for 
some b’ E Z5 . Therefore 
(a, b) = (a - a,, , b’) + (a0 , b - b’) E z(S) 
since (a, , b - b’) E z(S,) by the assumption. 
LEMMA 3. Zf S = S, U S, where S, = ((0, b,), (0, b,), (a, b,), (a, b4)}, 
S, = {(ai , b,) I 5 < i d 8 and ui # 0} then 
(i) rf b, + b, # 0 then (1) holds; 
(ii) Zf bI + b, = 0, but b, - b3 # +b, , then (1) holds; 
(iii) If a, = u for some 5 < i < 8, then (1) holds; 
(iv) Zf b, + b, = 0 and b4 - b, = fb, , then (x0 + a, y) E z(S) 
for all y ifxO appears at least twice us the 1st component of some elements 
in ,J?S,). 
Proof Let B = (0, 6, , b, , b, + b2}. 
(i) If b, + b, # 0, then ( B 1 = 4. By Lemma 1 (b3 + B) U 
{b, + B) = Z, since b, # b4 . Then by Lemma 2, (1) holds since 
(a, x) e J&S,) for all x E Z, . 
(ii) If b, + b, = 0. Assume b4 = b, + k, k # 0, then b, + B = 
@a , b, + 61, ba - b3. 
b, + B = {b, + k, b, + bl + k, b, - b, + k). 
If k = -&2b,, {b, + B) u {b4 + B) = Z, , therefore (a, x) E .JY(S,) for 
all x. Hence (I) holds. 
(iii) Assume a5 = a, and by (i) and (ii), we can assume that 
6, + b, = 0 and b4 = b, + bI , b6 = b, - b, . Let S1’ = ((0, b,), (0, b,), 
(a, bJ, (a, b5)}, S,’ = S\S,‘. Then (1) holds by (ii) since b, - b, = -2b, = 
3b, . 
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(iv) b, + b, = 0 and b, - b, = fbl without loss of generality; we 
can assume b, = b, + bl then {b3 + B) u (b4 + I?) = Z,\{b, + 3b,) = A. 
Now assume 6, , yo), (x0 , yo’) E W2> and y. f Y’, then Cue + 4 U 
(yo’ + A) = 2, by Lemma 1, hence (x0 + a, u) E z(S) for all y. 
LEMMA 4. If 1 S n k 1 b 3 for some proper subgroup k of Z, x Z, , 
then (1) holds. 
ProoJ: Assume that g, (Y~, ol, E k, and cyi = (ai, b,), 1 \( i < 8. 
Since there exists an automorphism which maps k into ((0, I)), we may 
assume that a, = a, = a3 = 0 and ai # 0 for 5 d i d 8. Let S, = 
{% , a2 3 a3 > %L sa = {a 5 , a6 , OL, 01~). Then (0, x) E zl(S,) for all x E Z, , 
since C{b, , b, , b3} = Z, . Therefore (I) holds by Lemma 2. 
Remark. Lemmas 2, 3, and 4 still hold if we interchange the first and 
second components of each element in S, since 4: (a, b) ++ (b, a) is an 
automorphism of Z, x Z, . 
By Lemma 4 we can assume I S n k I d 2 for any proper subgroup K 
of 2, x Z, . Since 2, x Z, only has six proper subgroups, there must 
be two distinct proper subgroups XI , I&, such that 1 S n I& ) = 2 for 
i = 1, 2. And by the existence of the automorphism #, with 
$(K,) = ((0, l)), q%(K,) = <(I, 0)), we may assume that 0 appears 
exactly twice as the first component in S and exactly twice as the second 
component in S. 
By Lemma 3 we can assume that S = ((0, b), (0, -b), (a, a’), (a, a”), 
(b, b’), (b, b”), Cc, 0, (4 d’)), w h ere a’ - a’ = fb, b” - b’ = &b, and 
abed # 0, a # b, (c, d} n (a, b} = 4. 
Without loss of generality, we can assume b = 1 and a” = a’ + 1, 
b” = b’ + 1. 
CaseI. b=+c=2a,d=3a. 
By Lemma 3(iv), we have (2a, y), (3a, y), (0, y) E X(S) for all y. We 
must show (k, v) and (a, y) are in z(S) for all y. But if (4a, J+ E z(S) 
for all y, then we interchange the role of a and b, and we see that 
(4b, v) = (a, u) is also in z(S) for all y. Therefore it is sufficient to show 
(4a, v) E z(S) for all y. 
By Lemma 3(iv), we have (4~2, v) E z(S) unless b’ + b” = d’. Let 
B = W, 01, (0, 0, (0, --I)), then 
{(b, b’), (b, 0 + B 3 W, u) I Y f b’ + 3) 
{(a, a’), (a, a”)> + (4 0 + B 3 Wa, Y) I Y f a’ + d’ + 31 
(a, a’) + (a, a”) + (c, c’) + B 3 {(4a, y) I y f 2a’ + c’ + 3 
or 2a’ +‘I? + 4). 
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b’ + b” = d’, b’ = a’ +- d’ 
andeitherb’=2a’+c’orb’=2a’+cr+l.Ifb’=O,then1=b”-d’ 
appears three times as the second components in S, and (1) holds by 
Lemma 3( iii). 
If b” = 0, then b’ = d’ = - 1, and (1) holds. 
If a’ = 0, or a” = 0, then by Lemma 3(i) another 0 must appear as the 
second component of (b, b’) or (b, b”) since b = 4a, i.e., either b’ = 0 or 
b” = 0 in both cases (1) holds. ’ 
If c’ = d’ = 0, then b’ = a’ = 2a’, i.e., a’ = 0, or b’ = a’ = 2a’ + 1, 
i.e. b’ = a’ = -1. In both cases, either 0 or -1 occurs three times or 
more as the second component in S, and (1) holds. 
Case 2. b = 2a, c = 3a, d = 4a. 
By Lemma 3(iv), (0, v), (a, JJ), (2a, v), (3a, JJ) E Z(S) for all y. We must 
show (4a, y) E Z(S) for all y. By Lemma 3(iv), we have (4a, y) E Z(S) unless 
c’ = b’ + b” + d’ = 2b’ + d’ + 1. Let B = ((O,O), (0, I), (0, -I)> then 
Ua, 6’) u @a, b”)) + (a, a’) + ( a, a”) + B = {(‘la, y) I y f b’ + 2a’ + 41, 
{(a, a’), (a, a”)) + (3a, c’) + B = ((4a, y) / y f c’ + a’ t 3) hence we can 
assume 
c’=2b’+d’+l, and b’ + a’ + 1 = c’. 
If b’ = 0, then by Lemma 3(i) we may assume c’ = 0. Therefore 
d’+l =a’+1 =O-+a’=d’=-l,and(l)holdsbyLemma3(iii). 
If b” = 0, then c’ = 0, and b’ = b” - 1 = - 1. Then b’ + a’ + 1 = 
a’ = c’ = 0 and (1) holds by Lemma 4. 
If a’ == 0, we can assume d’ = 0, then c’ = b’ + 1 = 2b’ + 1 - b’ = 0, 
and (I) hoIds by Lemma 4. 
If a” = 0, we may assume d’ = 0, then a’ = -1 and b’ = c’ = 
2b’ + 1 = b’ + (b’ + 1) = 6’ + b” hence b” = 0, and (1) holds by 
Lemma 4. 
If c’ = d’ = 0, then (1) holds by Lemma 3(i) since c + d = 3a + 4a = 
2a # 0. 
When b = 3a, c = 2a, d = 4a, we interchange the role of a and b, 
and we are in Case 2. 
Case3. c=d. 
Since 0 occurs exactly twice as the second component in S, we can 
assume that a’ = b” = 0, then a” = 1, b’ = - 1 and c’ # d’. Then we 
are in Case 1 or 2. 
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